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Abstract

This work is a continuation of the development of the theoretical model for optical coherent transient (OCT)

processes with complex configurations. A theoretical model for angled beams with arbitrary phase modulation has been

developed based on the model presented in our previous work for the angled beam geometry. A numerical tool has been

devised to simulate the OCT processes involving angled beams with the frequency detuning, chirped, and phase-

modulated laser pulses. The simulations for pulse shaping and arbitrary waveform generation (AWG) using OCT

processes have been performed. The theoretical analysis of programming and probe schemes for pulse shaper and AWG

is also presented including the discussions on the rephasing condition and the phase compensation. The results from the

analysis, the simulation, and the experiment show very good agreement.
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1. Introduction

Optical coherent transient (OCT) techniques are
not only well-established spectroscopic tools, but
also the basis of a variety of proposed devices for
optical information storage and processing [1–7].
To model the OCT processes, such as photon
echoes, free induction decay and optical nutation,
the coupled Maxwell–Bloch equations have been
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used successfully for the collinear configuration in
thick media [9–14]. In this theory the coherent
effects of light on the inhomogeneously broadened
absorbers are described by Bloch equations, where
the electric field acts as a driving source to the
atomic dipoles. The propagation effects are
governed by Maxwell’s equations, where the
macroscopic polarization caused by the atomic
dipole moments acts as a source to the electric
field. Recently, more complex configurations have
been proposed to make practical OCT-based
devices, such as pulse shaper and arbitrary wave-
form generator [5–8]. This kind of devices requires
d.



ARTICLE IN PRESS

T. Chang et al. / Journal of Luminescence 107 (2004) 138–145 139
angled beam configurations to discriminate the
processed signals from unwanted transmitted
inputs. In addition, the laser pulses are usually
frequency detuned, chirped and phase and/or
amplitude modulated. Frequency jitter and phase
noise have to be taken into account in most
practical settings as well.
In our previous work we developed a theoretical

model based on Maxwell–Bloch equations for
pulses with arbitrary phase modulations in colli-
near configuration and a model for multiple
angled beam geometry without phase change
[14]. However, neither of the two models can
handle multi-beams combined with phase modula-
tions. In this paper, we will develop a model to
include both features by adding time-dependent
phase terms to the model for multiple angled beam
geometry. The numerical solution of the modified
Maxwell–Bloch equation will be discussed for the
development of the simulation tool. The OCT
processes for pulse shaping and AWG will be
discussed, in which the desired waveform is created
as a photon echo sequence by a set of program-
ming and probe pulses with complex features
including frequency offset, linear chirp, and phase
shift. The required rephasing condition and phase
compensation will be derived analytically. Simula-
tions using numerical tool will be presented for
optical pulse shaping and AWG and compared
with experimental results and the theoretical
analysis.
2. Theoretical model angled beam with arbitrary

phase modulations

In this section, we add a generalized phase term
to the pulses in angled beam Maxwell–Bloch
equations to develop a model for two beams,
which is sufficient for simulations for pulse shapers
and AWGs. The same treatment can be easily
extended to multi-beams. We keep the two
assumptions stated in Ref. [14], which are small
angle and reflection free plane wave propagation
in the medium. We define the vectors of the two
angled beams as ~kk� ¼ ~kkz � ~kkx and ~kkþ ¼ ~kkz þ ~kkx;
respectively, where ~kkz is the wave vector compo-
nent in the general propagation direction and ~kkx is
the component in the transverse direction x:Under
the small angle assumption, we have ~kkx5

~kkz and
j~kkzjEj~kk j: We write the electric fields of the pulses
propagating along the two beams as

E7ðx; z; tÞ ¼
_

m
O7ðx; z; tÞ cos½o0t � kzz8kxx

þ j7ðtÞ�; ð1Þ

where þ and � denote the two direction along ~kkþ

and ~kk�; respectively. O7 represent the field
amplitudes in the corresponding directions in term
of Rabi frequency. o0 is an arbitrary stationary
frequency usually chosen to be close to the atomic
resonance. j7ðtÞ are the time-dependent phases in
the corresponding directions besides the spatial
phase of the plane wave propagation and the
phase from the field oscillation at the stationary
frequency o0: In general, j7ðtÞ include all the
effects of the frequency and phase modulations of
the pulses, as well as the laser noises.
We can write the total electric field from both

beams as

Eðx; z; tÞ ¼
_

m
½OCðx; z; tÞ cosðo0t � kzzÞ

þ OSðx; z; tÞ sinðo0t � kzzÞ� ð2Þ

with the in-phase and the in-quadrature compo-
nents of the total field expressed as

OCðx; z; tÞ ¼Oþðz; tÞ cos½jþðtÞ þ kxx�

þ O�ðz; tÞ cos½j�ðtÞ � kxx�; ð3Þ

OSðx; z; tÞ ¼ � Oþðz; tÞ sin½jþðtÞ þ kxx�

� O�ðz; tÞ sin½j�ðtÞ � kxx�: ð4Þ

The local interaction between the field and the
atoms is described by Bloch equations as [14]

qr1ðx; z; t;DÞ
qt

¼Dr2ðx; z; t;DÞ þ r3ðx; z; t;DÞOSðx; z; tÞ

�
r1ðx; z; t;DÞ

T2
; ð5Þ

qr2ðx; z; t;DÞ
qt

¼ � Dr1ðx; z; t;DÞ

þ r3ðx; z; t;DÞOCðx; z; tÞ

�
r2ðx; z; t;DÞ

T2
; ð6Þ
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qr3ðx; z; t;DÞ
qt

¼ � r2ðx; z; t;DÞOCðx; z; tÞ

� r1ðx; z; t;DÞOSðx; z; tÞ

�
1þ r3ðx; z; t;DÞ

T1
; ð7Þ

where r1;2 are the in-phase and in-quadrature
components of the atoms’ polarization, r3; the
population inversion. T2 and T1 the coherent time
and the lifetime of the excited state, respectively.
D ¼ oa � o0 denotes the detuning of the atoms’
resonance oa from the stationary frequency o0:
The propagation of the field in the medium is

governed by the Maxwell equations as

dOCðz; tÞ
dz

¼
a
2p

Z
N

�N

r2ðz; t;DÞgðDÞ dD; ð8Þ

dOSðz; tÞ
dz

¼ �
a
2p

Z
N

�N

r1ðz; t;DÞgðDÞ dD; ð9Þ

where a is the absorption coefficient of the medium
and gðDÞ represents the inhomogeneous spectral
distribution of the atoms. The Maxwell–Bloch
equation set has the same form as that in Ref. [14].
However, the rotating frames, in which the equations
are valid, are completely different because of the
different definitions of the rotating frequencies.
Due to the extra phase terms the formulas of the

spatial Fourier transform become

O7ðz; tÞ cos½j7ðtÞ�

¼
1

2p

Z 2p

0

½OCðx; z; tÞ cosðkxxÞ

8OSðx; z; tÞ sinðkxxÞ� dðkxxÞ; ð10Þ

O7ðz; tÞ sin½j7ðtÞ�

¼
1

2p

Z 2p

0

½7OCðx; z; tÞ sinðkxxÞ

þ OSðx; z; tÞ cosðkxxÞ� dðkxxÞ: ð11Þ

From these equations we can separate the field
amplitude and phase of the pulses on each beam
from the total field. The field of the pulses can also
be calculated in term of the in-phase and in-
quadrature components in the cases where small
amplitude results in larger phase error.
The time-dependent phase terms introduced in

this model enable us to simulate the OCT
processes involving the pulses with frequency and
phase modulations in general. The only limit to the
phase terms is to meet the slowly varying
approximation [11]. The Maxwell–Bloch equations
for angled beam with arbitrary phase modulation
are solved numerically in the similar way as Ref.
[14]. The discussions on the spatial, the temporal,
and the spectral grid settings, Bloch vector
initialization, propagation in thick medium, are
also applicable in this model except the considera-
tion of the time resolution in this case should take
into account not only the time variation of the
amplitude, O7ðz; tÞ but also the phase, j7ðtÞ:
3. Pulse shaping and AWG

The stimulated photon echo process has been
proposed to perform pulse shaping and arbitrary
waveform generation on a 1–100 GHz bandwidth
[5]. This technique utilizes the optical processing
ability of well-studied rare-earth-doped crystals,
low-power linear-frequency chirped laser sources,
and low bandwidth electronics to create desired
high-band waveforms up to B100 GHz: Two
schemes of programming and probing OCTs to
perform pulse shaping and AWG are plotted in
Fig. 1. In Fig. 1(a) the medium is programmed
with a set of linear-frequency chirped square
pulses consisting of a reference chirp and many
control chirps of the same chirp rate, b: The
reference propagates along direction ~kkþ and the
control chirps along ~kk�: The chirps start at
different frequencies as marked in the figure, osr
for the reference chirp and osj for the jth control
chirp ðj ¼ 1; 2;yÞ: Each pair of the reference and
the control chirps program a spatial-spectral
grating in the medium. The period of the spectral
grating is determined by the chirp rate and the
frequency offset between the control and the
reference as, ðosr � osjÞ=b for the jth control chirp.
A brief pulse along ~kk� direction probes the
gratings results in multiple echoes along ~kkþ; each
from a different grating with the corresponding
delay, tj ¼ b=ðosr � osjÞ created by a control chirp
and the reference. These generated echoes can be
used as temporal bits to compose any arbitrary
waveform provided the delays, the amplitudes,
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Fig. 1. The photon echo process for pulse shaping and AWG.

The spectral gratings are programmed by multiple frequency

chirped pulses and probed by either a brief pulse (a) or a

frequency chirped pulse (b). The reference and the probe pulses

chirp propagate along directions ~kkþ while the control pulses

and the generated echo sequence along ~kk�:
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and the phases of each of the echo pulse can be
controlled individually. It has been demonstrated
that these indeed can be controlled by the
amplitudes and the phases of the control pulses
together with the frequency offsets from the
reference chirp [5]. In the linear programming
regime the echo’s amplitude is proportional to the
amplitude of the control chirp. The echo’s phase is
more complicated since the reference and the
control chirps impart a phase shift to the echo
depending on the chirp rate and the starting
frequencies. This phase shift usually needs to be
compensated. Fig. 1(b) shows a scheme where the
control pulses are chirped at a different rate from
the reference and the probe is a linear chirp as well.
In this case the echoes’ rephrasing condition and
the phase compensation are more complicated
compared to the scheme in Fig. 1(a). In the next
section we derive the analytic solution for the two
schemes in Fig. 1 for ideal chirps.

3.1. Theoretical analysis on the chirp rates and

phase compensation

First we consider the grating programmed by a
pair of the reference and the control chirps whose
field can be written in a form as

eðtÞ ¼ E0e
i½ðo0þosÞtþ

1
2
bt2�þij ¼ EcðtÞeio0t ð12Þ

with EcðtÞ ¼ E0e
iostþi

1
2
bt2þij: o0 is the arbitrary

stationary frequency discussed in the previous
section, usually set to the center frequency of the
probe pulse. The spectrum of the chirp is given by
the Fourier transform as

*EcðoÞ ¼
Z

EcðtÞe�iot dt

¼A0e
�i

ðos�oÞ2

2b ei
p
4
signðbÞþij; ð13Þ

where the spectrum amplitude has the form of
A0 ¼ E0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2p=jbj

p
and function signðbÞ returns the

sign of b: A positive chirp rate corresponds to a
upward chirp from low frequency to high
frequency. Expression (10) represents an ideal
frequency chirped pulse, which has uniform
amplitude in both temporal and spectral domain.
The linear frequency chirp in time results in a
spectral phase changing quadratically with the
frequency. It is a good approximation for the
chirped field with time bandwidth product (TBP)
b1: Even for small TBP, the amplitude of the
spectrum is no longer uniform while the spectral
phase term is still the same.
The spectral grating generated by the two

frequency chirped pulses (the reference and one
control) in linear programming regime can be
expressed as,

*GðoÞ ¼ *E�r ðoÞ *EjðoÞ ¼ A0
rA

0
je

�i
ðosj�oÞ2

2bj
þi

ðosr�oÞ2

2br


 eijj�ijrþi
p
4
½signðbjÞ�signðbrÞ�; ð14Þ
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where subscript r is for reference pulse and j is for
jth control pulse. Probing the spectral grating with
a pulse with the spectrum denoted as *EpðoÞ; the
echo’s spectrum takes the shape of *GðoÞ *EpðoÞ: The
probe spectrum can be either chirp or brief pulse,
which results in the echo spectrum as,

*EechoðoÞ

¼

Ae
�i o

2

2
1
bj
� 1br

� �
e
�io tpþtjr�

osj
bj

þ
osr
br

� �
e
�i

o2sj
2bj

þi
o2sr
2br

þijj�ijr


ei
p
4
½signðbj Þ�signðbrÞ� for brief probe

Ae
�i o

2

2
1
bp

þ 1bj
� 1br

� �
e
�io tpþtjr�

osp
bp

�
osj
bj

þ
osr
br

� �


e
�i

o2sp
2bp

�i
o2sj
2bj

þi
o2sr
2br

þijpþijj�ijr


ei;
p
4
½signðbpÞþsignðbj Þ�signðbrÞ� for chirped probe;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð15Þ

where the amplitude A is determined by the
amplitudes of all three pulses and the chirp rates.
osp denotes the starting frequency of the probe
chirp. For the purpose of pulse shaping and AWG,
the coherence from all frequencies should be
rephased at the same instant as a brief echo pulse.
This implies that the phase of the echo should not
be a quadratic function of the frequency for both
cases with brief and chirp probe. This set the rules
for the chirp rate of the rephrasing condition as

br ¼ bj for brief probe;

1

bp
þ
1

bj

�
1

br
¼ 0 for chirped probe: ð16Þ

The second phase term in the above Eq. (12)
determines the time delay of the rephased echo
compared with the starting time of the probe
pulse,

tj ¼

osr � osj
br

for brief probe;

osp
bp

�
osj
bj

þ
osr
br

for chirped probe:

8>><
>>:

ð17Þ

From the third phase term in expression (12) we
can see that the echo’s phase can be controlled by
setting a designed phase factor into the control
pulse. However, for the purpose of control the
phase of each individual echo pulse, all the echoes
from different combinations of reference, control
and probe pulses should have the same phase
standard. This means the echo’s phase should not
depend on any parameters of the input pulses
other than the designed control phase. To ensure
this, we add a phase compensation to each chirp
by setting the arbitrary phase terms for the
reference and the probe as, j ¼ o2s=2b and the
phase term for the control pulse as, jj ¼ o2sj=2bj þ
jcj ; where jcj represents the control phase for the
jth echo to compose the desired waveform. The
phase compensation guarantees the echoes from
any combination of reference, control, and probe
chirps have the same phase when the control phase
is set to zero. In the cases presented in Fig. 1, to
generate an arbitrary waveform out of either a
brief or a chirped pulse, we only need to work out
the amplitudes, the phases, the chirp rates, and the
frequency offsets needed for the reference and the
control pulses according to the analysis presented
above. Furthermore, the conditions of echo
rephasing (13) and (14) and the phase compensa-
tion do not set any limit on the numbers of the
pulses in the reference, the control, and the probe
categories. The analytic results can be used to
design even more complicated pulse sequence.

3.2. Numerical simulation and experimental results

The Maxwell–Bloch model discussed in Section
2 allows the arbitrary phase modulation in angled
beam setting. In the following simulations for
pulse shaping and AWG, the general phase term of
a chirp has two time-dependent components:
ost þ 1

2
bt2; a static phase compensation o2s=2b;

and a control phase jcj for the control chirp. The
time-dependent phase of a chirped pulse results in
the oscillations of the field components in the
rotating frame and the oscillation frequency is
time dependent. In the numerical solution of the
Maxwell–Bloch equations, the temporal resolution
should be high enough to distinguish the finest
temporal structure. Usually, this requires more
calculation steps on the time grid than the case for
brief pulse while the spectral and spatial resolu-
tions are the same for both cases. The number of
calculation steps should increases with both the
chirp rate and the chirp offset. Fig. 2 shows the
oscillation of the field in rotating frame due to the
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time-dependent phase for a frequency chirped field
with 20 MHz bandwidth and 5 ms chirp time. The
time resolution is 3 ns per point, which gives 35
steps for a cycle of the highest oscillation
frequency in the two ends of the chirped field.
In Fig. 3 an 11 bits Barker code series, in the

modulation format at 10 Mbit=s; was generated
with the setting described in Fig. 1(a). The
reference pulse (as shown in Fig. 2) and 11 control
pulses are 5 ms-long, linear frequency chirped over
20 MHz: The relative frequency offset for the jth
control from the reference chirp was 0:4�j MHz:
-1

0

1

0 3 4
Time (µs)

Fi
el

d 
(M

H
z)

1 2 5

Fig. 2. The frequency chirped field in a rotating frame. The

thick line is the in-phase field component and the thin line is the

quadrature component. The field is a frequency chirped pulse

with 20 MHz chirp bandwidth, 5 ms chirp time, and zero

frequency offset. 35 steps are in a cycle of the highest oscillation

frequency.
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Fig. 3. An 11-bit Barker code (11100010010) generated as a

photon echo sequence with the scheme described in Fig. 1(a).

The echo bandwidth is 10 MHz and the code bit rate is

10 Mbit=s: (a) Experimental data and (b) the simulation result.
The chirp rate and the frequency offset define the
bit rate of the generated code, which is 10 MHz in
this case. The phase compensation was also added
to each control chirp. The probe is a 100 ns brief
pulse, which determines the pulse width of each
echo since the programmed spectral gratings are
broader than the probe pulse spectrum. Fig. 3(a)
shows the power of the echo sequence representing
the 11 bits barker code (11100010010) from an
experiment [5] and Fig. 3(b) gives the simulation
result as the intensity of the echo field. The code is
well represented by the echo sequence in both the
experiment and the simulation. In Fig. 4, the same
code was generated in the binary phase shift
format (111-1-1-11-1-11-1), which was produced
with the same parameters for the input pulses
except for a p phase shift added to the control
pulses for the echoes representing the �1 s: The
experimental result is plotted in Fig. 4(a) as the
echo power and the simulation results of the echo
sequence as the intensity is plotted in Fig. 4(b) and
the amplitude in Fig. 4(c). The nulls on the power
and the intensity plots correspond to the phase flip
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Fig. 4. An 11-bit Barker code (111-1-1-11-1-11-1) generated as

a photon echo sequence with the scheme described in Fig. 1(a).

The echo bandwidth is 10 MHz and the code bit rate is

10 Mbit=s: (a) Experimental data and (b) the simulation result.
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representing the bi-phase code. The simulations in
Figs. 3 and 4 show good agreement with the
experiments.
Fig. 5 presents the simulations for the scheme

plotted in Fig. 1(b) where the reference, the
control, and the probe pulses are linear chirped
at different chirp rates that meet the rephasing
requirement (13). In this case the same 11 bit
amplitude modulated barker code is generated at
high bit rates with broadband chirps. The band-
widths for all chirps are 20 GHz: The reference is a
6 ns upward chirp and the probe is a 1 ns down
chirp. The controls are 7 ns up chirps. In Fig. 5(a)
the frequency offset was set to 300�j MHz for the
jth control. This results in the code sequence with
9:5 GHz bit rate. The bandwidth of each echo
pulse is 20 GHz determined by the spectral overlap
range of all chirps. In this case we have a series of
well-distinguished return-to-zero (RZ) code. In
Fig. 5(b) the frequency offset between the adjacent
control pulses was decreased to 150 MHz so that
the bit rate was doubled to 19 Gbit=s for the same
echo bandwidth. The code is still well represented
in a non-return-to-zero (NRZ) form. To keep the
code in RZ format, the echo bandwidth needs to
0.5 1 1.5 2 2.5
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Fig. 5. Simulations for the high band code generation of an 11-

bit Barker code in binary amplitude modulation format

(11100010010) using the scheme described in Fig. 1(b). (a) RZ

code produced at 9:5 Gbit=s with echo bandwidth of 20 GHz:
(b) NRZ code produced with 19 Gbit=s with echo bandwidth of
20 GHz:
be at least twice broader than that required for the
NRZ format at the same bit rate. This in turn
requires higher chirp bandwidth.
4. Conclusion

We have derived a theoretical model based on
Maxwell–Bloch equations for OCT processes of
angled beam configuration with arbitrary phase
modulation. A numerical simulation tool with
running time practical for studying complex
features has been developed. Using this numerical
tool, the OCT processes of angled beam geometry
with the pulses of frequency offsets and chirps and
the phase shifts can be simulated. The model can
be extended to include the laser noise. The OCT
pulse shaper and AWG have been analyzed as an
important example of angled- beam with complex
frequency and phase modulations. The rephasing
condition and the phase compensation required
for two possible programming and probe schemes
has been derived analytically for ideal chirp
condition and verified under realistic conditions
in experiments and with simulations. The simula-
tion and experimental results for code generating
at low bandwidth agree with each other very well.
We also simulated high bandwidth code generat-
ing, which provides useful guideline for high
bandwidth experiments.
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